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Phase diagram of spin-12 quantum Heisenberg J1 − J2 antiferromagnet on the
body-centered-cubic lattice in random phase approximation
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Abstract
Magnetic properties of spin 12 J1 − J2 Heisenberg antiferromagnet on body centered cubic lattice are investigated. By using two-
time temperature Green’s functions, sublattice magnetization and critical temperature depending on the frustration ratio p = J2/J1
are obtained in both stripe and Ne´el phase. The analysis of ground state sublattice magnetization and phase diagram indicates the
critical end point at J2/J1 = 0.714, in agreement with previous studies.
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1. Introduction
We are witnessing the increased interest in the study of quan-
tum phase transitions [1, 2] in magnetic systems [3], which can
be triggered by varying some of the system’s parameters. These
include exchange integrals, external magnetic field, or the dop-
ing concentration in the case of high- Tc superconductors.
The motivation for studying the quantum phase transitions
comes in part from closely related problem of strongly corre-
lated systems at low temperatures. They display transition be-
tween ground state (T = 0 K) phases as a combination of the
quantum fluctuations and the competition between interactions,
i.e. frustration [4]. Nowdays, a frustrated spin systems are
among the most interesting and challenging topics in theoretical
magnetism, including even frustrated 2D Ising model [5]. Com-
petition between exchange interactions in magnetic materials
can lead to a variety of the magnetic ordering states, and even
to induce a phase transitions between them. Consequently, the
frustrated quantum Heisenberg magnets with competing near-
est - neighbour (NN) and next - nearest - neighbour (NNN)
antriferromagnetic (AF) exchange interactions (J1 and J2, re-
spectively) have become extremely active field of research.
The early works focused on the square lattice Heisenberg
model, and it was investigated in detail by different meth-
ods [6–18]. With vanishing NNN interaction (J2 = 0), the
ground is state known to be antiferromagnetic (AF) for S ≥ 1
[19]. A nonzero NNN interaction leads to the frustration and
the ”crash” of simple AF ordering. For large enough J2, the
”stripe phase” emerges [18], with possible spin-liquid phase at
J2/J1 ≈ 0.5. (See [20] and references therein). We shall be
interested in 3D version of the problem, with localized spins ar-
ranged on a body-centered-cubic (bcc) lattice. The mean field
calculation [21] indicates existence of two phases, represented
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with different spin orderings on the Figure 1. Ne´el state (AF1)
can be described by a standard two-sublattice system, while the
proper treatment of the stripe phase (AF2) can be accomplished
by the introduction of four sublattices.
The transition between two phases is governed by the frus-
tration ratio p = J2/J1 and the mean-field calculation gives
pMF = 2/3 for its critical value [22]. Numerous sophisticated
methods were subsequently used to obtain more reliable value
of the critical frustration ratio. Schmidt et al. [23] carried out
exact diagonalization of finite 3D lattices with periodic bound-
ary conditions. Ground state energy was found to have a dis-
continuity at p = 0.693 indicating a first order quantum tran-
sition between two phases. This was confirmed by calculation
of magnetization and extrapolation to infinite lattice. J. Oitmaa
and W. Zhang [22] performed high-order linked-cluster expan-
sion at T = 0K and obtained that two branches of ground state
energy for AF1 and AF2 phases cross at J2/J1 = 0.705±0.005.
Majumdar and Datta [24] presented a non-linear spin wave the-
ory (up to quartic terms in Bose-operators) giving quite similar
results. Majumdar [25] also extended this problem to the anti-
ferromanget on stacked square lattices with different exchange
in vertical direction.
The aim of this paper is to present, up to the our knowl-
edge, the first application of spin operator Green’s functions
on spin- 12 bcc lattice J1 − J2 Heisenberg antiferromagnet. It
will be shown that spin operator temperature Green function
(TGF) method, in combination with random phase approxima-
tion (RPA), yields reliable results both at T = 0K and at criti-
cal temperature. The paper is organized as follows. The RPA
magnon spectrum in both AF1 and AF2 phase is determined in
the Section 2. The calculation of ground state sublattice mag-
netization is presented in Section 3, while Section 4 contains
discussion on the Ne´el temperature and phase diagram. Finally,
Section 5 concludes the paper.
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Figure 1: (Color online) a) Ne´el ordering denoted as AF1 phase in further text. b) stripe ordering denoted as AF2 phase in further text (after [21]).
2. Magnon Spectrum
2.1. AF1 (Ne´el) phase
We start with the spin- 12 Hamiltonian of the system with two
sublattices a1 and a2 (See Figure 1 a)):
ˆHAF1 = J1
∑
n,λ
ˆS(a1)n · ˆS
(a2)
n+λ +
J2
2
∑
n,δ
ˆS(a1)n · ˆS
(a1)
n+δ
+
J2
2
∑
n,δ
ˆS(a2)n · ˆS
(a2)
n+δ. (1)
Here n denotes the site in the given sublattice, each having
NN = N/2 sites and both exchange parameters (J1, J2) are as-
sumed to be positive. λ connects first neighbours from sublat-
tices a1 and a2, while δ relates corresponding second neigh-
bours. It is seen from Figure 1 that every site has z1 = 8 nearest
neighbours and that the number of second neighbours is z2 = 6.
To simplify calculations we rotate operators from a2 sublattice
about S x axis by pi as in [26, 27].
Writing down four equations of motion for Green’s functions
G1 ≡ 〈〈S +(a1)|S −(a1)〉〉, G2 ≡ 〈〈S −(a2)|S −(a1)〉〉, and employing
RPA decoupling procedure [26, 28–32], we find one-magnon
energies
E(k) = z1 J1〈S z〉
√[
1 − p z2
z1
(1 − γ2(k))
]2
− γ1(k)2, (2)
where
γ1(k) = 1
z1
∑
λ
eik·λ, γ2(k) = 1
z2
∑
δ
eik·δ. (3)
In the absence of external magnetic field, the magnon spectrum
is doubly degenerate as there are two types of magnons with
energies given in (2). Figure 2 shows the kz = 0 intersection
of reduced magnon energies ω(k) = E(k)/(J1z1〈S z〉). It can be
clearly seen that the spectrum contains the Goldstone mode. An
important feature of RPA decoupling scheme is magnon energy
renormalization. Compared to LSW results [23], RPA magnon
energies are renormalized by a factor of 〈S z〉/S , which includes
the effects of magnon-magnon interactions in RPA. As a conse-
quence, the plot of sublattice magnetization from Figure 4 sug-
gests that elementary excitations are not well defined starting at
p ∼ 0.7.
Figure 2: (Color online) Reduced magnon energies ω(k) = E(k)/(J1z1〈S z〉) for
kz = 0, p = 0.5 in AF1 phase.
2.2. AF2 (stripe) phase
Next we turn to the AF2 phase. The spin Hamiltonian is
ˆHAF2 = J1
∑
n,λ13
ˆS(a1)n · ˆS
(a3)
n+λ13
+ J1
∑
n,λ14
ˆS(a1)n · ˆS
(a4)
n+λ14
+ J1
∑
n,λ23
ˆS(a2)n · ˆS
(a3)
n+λ23
+ J1
∑
n,λ24
ˆS(a2)n · ˆS
(a4)
n+λ24
+ J2
∑
n,δ
ˆS(a1)n · ˆS
(a2)
n+δ + J2
∑
n,δ
ˆS(a3)n · ˆS
(a4)
n+δ. (4)
Each of the sublattices in AF2 phase consists of NS = N/4
sites so that {λi j} connects first neighbours from sublattices ai
and a j and {δ} are the same vectors as in AF1 phase. Also, it
is seen from Figure 1 that all lattice sites in AF2 phase have
equal number (z1 = 4) of nearest neighbours in two different
sublattices.
Using equations of motion for the Green’s functions
G1 ≡ 〈〈S +(a1)|S −(a1)〉〉, G2 ≡ 〈〈S −(a2)|S −(a1)〉〉, G3 ≡
〈〈S +(a3)|S −(a1)〉〉, G4 ≡ 〈〈S −(a4)|S −(a1)〉〉, together with RPA lin-
earization, we find renormalized one-magnon energies
E1,2(k) = z2J2〈S z〉
√[
1 − γ2(k)2] ±
(
z1
z2 p
)2
K(k), (5)
2
Figure 3: (Color online) Reduced magnon energies ω1(k) = E1(k)/(J2z2〈S z〉)
for kz = 0, p = 1 in AF2 phase.
where K(k) is the positive square root of
[
Γ1(k)2 − Γ∗1(k)2
]2
+ 4
(
pz2
z1
)2
|Γ∗1(k) − Γ1(k)γ2(k)|2. (6)
Also
Γ1(k) = 1
z1
∑
λ14
eik·λ14 =
1
z1
∑
λ23
eik·λ23
Γ
∗
1(k) =
1
z1
∑
λ13
eik·λ13 =
1
z1
∑
λ24
eik·λ24 (7)
while γ2(k) is defined in (3). Each of magnon energies from
(5) is doubly degenerate so that the total number of magnon
flavours in the stripe phase is four. All four magnon branches
survive in the limit J1 → 0 (i.e. p → ∞) when system de-
scribed by (4) reduces to the two decoupled antiferromagnets
with Ne´el order on simple cubic lattices. The magnon spec-
trum (5) then simplifies to E(k) = J2z2〈S z〉
√
1 − γ2(k)2 so
that all four flavours have the same dispersion. As an illus-
tration of the magnon spectrum in the stripe phase, we plot
ω(k) = E1(k)/(J1z2〈S z〉) for kz = 0 and p = 1 on Figure 3.
As in the AF1 phase, magnon-magnon interactions induced by
RPA renormalize the magnon energies. It is seen from Figure 4
that instability of AF2 phase starts at p . 0.7.
Now that the renormalized magnon spectrum is determined,
including effects of frustration, we can examine its influence on
thermodynamics of spin 12 bcc lattice J1 − J2 Heisenberg anti-
ferromagnet. We have to bear in mind, however, that for cor-
rect calculation of thermodynamic properties in RPA, one must
take the full set of the poles of Green’s functions from single
system of equations [33]. These are {E(k),−E(k)} in the Ne´el
phase and {E1(k),−E1(k), E2(k),−E2(k)} in the stripe phase.
We stress once again that only positive poles of the Green’s
functions represent energies of physical magnons.
3. Sublattice magnetization
Standard spectral theorem enable us to find the ground state
sublattice magnetization in AF1 phase
〈S z〉0 =
1
2
 1NN
∑
k
ε1(k)
E(k)

−1
, (8)
Figure 4: (Color online) Sublattice magnetization at T = 0K in AF1 and AF2
phase (Equations (8) and (10)). The curves represent RPA result, while dots are
linked-cluster values expansions taken from [22]
where
ε1(k) = 〈S z〉 [z1 J1 − z2J2 + z2 J2γ2(k)] , (9)
and in AF2 phase
〈S z〉−10 =
p
NS
∑
k
1
K(k)K1(k)K2(k) (10)
×
{[
6[K(k) + 2|Γ1(k)|2] − [Γ1(k)2 + Γ∗1(k)2]γ2(k)
]
K2(k)
+
[
6[K(k) − 2|Γ1(k)|2] + [Γ1(k)2 + Γ∗1(k)2]γ2(k)
]
K1(k)
}
,
Ki(k) = Ei(k)
z2 J2〈S z〉
, i = 1, 2. (11)
the plot of which is given at at Figure 4. As noted earlier in the
text, the behaviour of antiferromagnetic order parameter sug-
gest the phase transition between AF1 and AF2 phase at p ≈
0.7. We also observe that RPA results for sublattice magnetiza-
tion are in agreement with high-order linked-cluster expansions
at T = 0 of Oitmaa and Zheng [22], since relative difference be-
tween these methods is ≈ 2%. Similarly, our values for the or-
der parameter in AF1 and AF2 phase are quite close to the ones
obtained from self-consistent non-linear spin wave theory [24].
For example, it can be shown [34] that for J2 = 0, equation (8)
gives 〈S z〉0 = 12
[
4F3
(
1
2 ,
1
2 ,
1
2 ,
1
2 ; 1, 1, 1; 1
)]−1
≈ 0.446973, while
non-linear self-consistent spin-wave theory yields 〈S z〉0 =
1 − (1/2) 4F3
(
1
2 ,
1
2 ,
1
2 ,
1
2 ; 1, 1, 1; 1
)
≈ 0.440682. Here,
4F3
(
1
2 ,
1
2 ,
1
2 ,
1
2 ; 1, 1, 1; 1
)
denotes the hypergeometric function.
4. Ne´el Temperature and Phase Diagram
Following [26, 28, 29], we find the critical temperature in the
Ne´el phase
T AF1N (p) =
2J1
I(p) (12)
I(p) = 1
NN
∑
k
1 − p[z2/z1][1 − γ2(k)]
{1 − p[z2/z1][1 − γ2(k)]}2 − γ1(k)2 .
3
Figure 5: (Color online) The phase diagram of spin- 12 bcc lattice J1−J2 Heisen-
berg model
The general RPA expression for critical temperature remains
the same, but in the stripe phase integral I(p) gets replaced by
I(p), defined by
p
NS
∑
k
6[K(k) + 2|Γ1(k)|2] − [Γ1(k)2 + Γ∗1(k)2]γ2(k)
K(k)K1(k)2
+
p
NS
∑
k
6[K(k) − 2|Γ1(k)|2] + [Γ1(k)2 + Γ∗1(k)2]γ2(k)
K(k)K2(k)2 .
Figure 5 shows our results for reduced critical temperature
(TN/J1) in terms of frustration ratio J2/J1. The indication of
first-order transition at T = 0K and pc ≈ 0.7 from Figure 4 is
further justified by inspection of the phase diagram (see Fig-
ure 5), giving pc = 0.714. The blue and orange lines repre-
sent AF1-paramagnetic and AF2-paramagnetic transition, re-
spectively, while the vertical (green) line shows AF1-AF2 tran-
sition line connecting the critical end point and the phase tran-
sition at T = 0K. RPA phase diagram agrees rather well with
the one obtain by high-temperature series expansion [22]. The
relative difference between high-temperature series expansion
and RPA values for the critical frustration ratio illustrates this
nicely, since it is ≈ 1.27%.
5. Conclusion
In summary, we investigated the magnetic properties of spin
1
2 bcc lattice J1 − J2 Heisenberg antiferromagnet . Using the
method of TGF’s, we obtained the phase diagram as a func-
tion of the frustration ratio p = J2/J1. Our calculations indi-
cate instability of the long range order in AF1 and AF2 phase
for pc = 0.714. This is in good agreement with previous re-
sults found by high-temperature series expansion [22]. Also,
the RPA predictions for sublattice magnetization are very close
to high-order linked-cluster expansions at T = 0 [22] and non-
linear self-consistent spin wave theory [24]. The main advan-
tage of RPA TGF method over previously quoted ones is its
successful applicability on both low and high temperatures.
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